On the spectrum of the Dirichlet Laplacian for horn-shaped regions in Rn with infinite volume  by van den Berg, M
JOURNAL OF FUNCTIONAL ANALYSIS 58, 150-156 (1984) 
On the Spectrum of the Dirichlet Laplacian for 
Horn-Shaped Regions in R” with Infinite Volume 
M. VAN DEN BERG 
School of Theoretical Physics, 
Dublin Institute for Advanced Studies, 
IO Burlington Road, Dublin 4, Irelund 
Communicated by Irving Segal 
Received November 30, 1983; revised February 8, 1984 
An inequality for trace (erAD ) is proven, where -da is the Dirichlet Laplacian for 
horn-shaped regions D in R”. The results of Rozenbljum and Simon for the leading 
asymptotics for the growth of the number of eigenvalues of the two-dimensional 
Dirichlet Laplacian in the regions ((x, y): IxJy 1 yI < 1,~ > 0) are easily recovered. 
An example of a horn-shaped region in R2 where that asymptotics is exponential is 
given. 
1. INTRODUCTION 
Let -A, be the Dirichlet Laplacian for a region W in R” and let N,(A) be 
the number of eigenvalues of -A, less than A. The well-known result of 
Weyl [ I] states that if W is bounded and has volume j WI then 
pl 1 -n’2N,(A) = IWI 
(47p T((n/2) + 1) . 
Rellich [2] showed that there exist half-tubes T in R” for which the 
Laplacian -A, has discrete spectrum even though the volume is infinite. 
Rozenbljum [3,4] and Simon [5,6] investigated the asymptotic behaviour of 
N,(A) for the tube S = {Ix]“ . ( y ( < 1, ,U > 1 }. They obtained 
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and 
!i$ (A log 1))’ N&) = ;, /I= 1. 
See also [ 12-141. The purpose of this paper is to establish the asymptotic 
behavior of ND(n) for the case in which the tubes D are horn-shaped in R”, 
from which (2) and (3) are easily recoverd. We give also an example of a 
horn-shaped region for which N,,(l) - /1 ‘14efi as ,I + co. 
2. THEOREM 
Before we state our theorem we introduce some notation and definitions. 
Denote a point in R” by (x, y) where y is in R”- ’ (orthogonal to the x axis). 
Let P, be the plane through (x, 0) orthogonal to the x axis and let D(x) be 
the orthogonal projection of P, n D onto P,, where D is a region in R”. 
ID(x)1 is the (n - 1)-d’ tmensional volume of D(x). 
DEFINITION 1. A region D is horn-shaped if 
(I ) D is connected, 
(2) D has a regular boundary %D, 
(3) D(x) c D(x’) for all x > x’ > 0 and all x <x’ < 0, 
(4) ,I.?& ID(x)] dx is finite for finite 6. 
Note that D(x) is not necessarily connected for .Y > 0. 
DEFINITION 2. K,(x, y; t) is the diagonal element of the heat kernel 
associated to -A,, + (a/at) at (x, y). 
DEFINITION 3. -ADcxj is the Dirichlet Laplacian for the (n - 1). 
dimensional region D(x) and K oCX,(y; t) is the diagonal element of the heat 
kernel associated to -Ancxj + (a/at) at y. 
DEFINITION 4. For t > 0 
and 
Z,(t) = trace(efAD) = l’* dx J dy K,(x, Y i t) (4) 
-cc ncx, 
Z,(t, x) = trace(efAD(“) -
) -Lx, 
dy K,,,,(Y; t>. (5) 
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Our main result is the following: 
THEOREM. Let D be a horn-shaped region 
all t for which J!I~ dx . Z,(t, x) is finite 
in R” then for all 6 > 0 and 
1 
1^ 
+cO 
Z,(t) - (4nt)l/2 -oo dx Zdt9 xl 
1 
1 
+a0 
% --a3 dx Z,(t, x) + ( 3 + q) (4n;)n,z ,(6)x ID(x (6) 
Horn-shaped regions with infinite volume have to be highly elongated in 
the x direction, so that most Brownian particles can move almost freely in 
the x direction [ 7,8] and 
1 
K&G Yi 4 - (&)1/2 ~Lw,(y; t), t 1 0. 
On the other hand if ID(x)/ decreases ufficiently fast as Ix] tends to infinity 
most Brownian particles hit the boundary and Z,(t, x) is integrable. Recently 
Davies [ 151 obtained general geometrical conditions on regions U which are 
necessary and sufficient for trace (etA”) < co for all t > 0. See also [ 171. 
3. PROOF OF THE THEOREM 
We need some pointwise estimates on the diagonal elements of the heat 
kernel associated to -A, + (a/at). 
LEMMA 1. For D horn-shaped and 6 > 0 
1 
Gl(X~ Y; t> > (&41,2 (1 - 2e-S2”)&,cx+&; 0, Y E D(x + a>, x > 4 
(8) 
and 
K,(X? Y; t) a &) 1,* (1 - 2e-s*‘r) K,,,-,,(y; t), y E D(x - a), x<-6. 
(9) 
Similar lowerbounds have been used in [6, 10, 111. The proof goes back to 
Ray [16]. See also [9]. 
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Proof: We can write KD(x, y: t) as a conditional Wiener probability. For 
all 6 > 0 and x > 6 and y E D(x + S), 
1 
K”(X, Y: 0 = (4nr)“,* . Prob{(x(r), Y(T)) E D. 0 < 7 < fl(.O), Y(O)) 
= (x(t)* y(t)) = (x. y) I 
1 
> (47ct)“‘2 
. Prob (y(r) E D(x + S), 0 < T < tI y(O) = y(t) = y 1 
~Prob{~x~~~x(s)(~6,O~s~t~x(O)=x(t)-.u} 
from which (8) follows. Similarly we prove (9). 
LEMMA 2. For all (x, y) E D 
1 
0 6 K&3 Yi t) < (4nt)“,2 . 
(10) 
(11) 
Proof 0 < Prob{(x(z), y(r)) E D, 0 < 5 < f 1(x(O), y(O)) = (x(f), y(t)) = 
b.Y)J < 1. 
LEMMA 3. For D horn-shaped and 6 > 0 
n6 6 x < (n + 1) 6,~ E D(x), n = I, 2 ,..., 
(n - 1) 6 < x < n6, y E D(x), n = - 1, n = - 1, -2 ,...,. 
Proof. Inequality (12) follows from Lemma 2. Consider the 
nd <x < (n + I) 6 for some n = 1, 2,.... We obtain 
(12) 
(13) 
(14) 
case 
154 M. VAN DEN BERG 
1 
KD(X, Y; 4 = (4;rrt)“/2 . Prob{(x(r), y(r)> E D, 0 < r < tl(x(O), Y(O)) 
= (x(4, y(t)> = (x9 Y)} 
n-1 
fro (4X&’ 
v 
Prob{y(t) E D((n - l- 1) S), 0 & r < tly(0) = y(t) = y} 
Prob{ OTinI x(t) < (n - Z) 6(x(O) =x(t) = x} 
1-l 1 
,zo (47rt)“* * KD(,-,-*,s,(Y; t> 
. Prob { ,?I, x(r) < (n - 1) 6 (x(O) = x(t) = n8} (15) 
from which (13) follows. Similarly we prove (14). 
Proof of the Theorem. We obtain a lowerbound on ZD(t) using 
Lemmas 1 and 2, 
zD(t) > ip dx I,,,, S) dYK,(X, Y; t> + j:I dXjD(xps) dY &dx,Y; t) 
’ (1 - 2epS2”) lj2y dx jD,,, dy KD(x)(y; ‘> 
+11’dxj dy KD,,,(Y; t> 
-co D(x) I 
> c4n:),,2 (1 - 2e-S21t)j+m duZ,(t,x) 
--co 
1 
I 
2s 
(47lt)“* -2s 
dx 1 D(x)l. (16) 
We obtain an upperbound on ZD(t) using the Lemmas 2 and 3, 
6 
zD(t) G (4nt)l/* ’ 
x 5 e-n=k=S=/t 2 + 2 e-n*kWlt ’ 
6 
. 
k=O k=l 
(47Lt)NZ I _ s dx 1 D(x)l * 
(17) 
The combination of (16) and (17) proves the theorem. 
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4. EXAMPLES 
EXAMPLE 1. Let f(x) be monotonically decreasing on (0, co), positive 
and integrable at 0, and let 
D = {(x,u): I YI G-(lxi)l; (18) 
then D is clearly horn-shaped and 
(19) 
The asymptotic expressions for Z,(t) and N,(i) are recovered if we put 
f(.~)=x~“~,p> 1 and d=t”3 in (6) and (19). 
EXAMPLE 2. Let H = ((x, y): 1x1 . 1 y 1 < 1 }. H is not horn-shaped so we 
cannot apply the theorem directly. However, we can obtain a lowerbound on 
KH(x, J; t) by putting additional Dirichlet boundary conditions on 1x1 = 1, 
- 1 < JJ < 1 and / y 1 = 1, -1 < x < 1. The new region consists of four horn- 
shaped regions and a square. We find 
We can obtain an upperbound on KH(x,]‘; t) if we use (11) for the points 
{(x,y): 1x1 < 1, 1~~1 < 1). If we replace in (13) K,CC,-,P,,s,(~;t) by 
(4nt)(‘-“)‘2 fo r all f>(n- 1)-(1/S) we obtain an upperbound on 
K,(x, 4’: t) for the points in the remaining four horns. We get 
+ + j 1" dx G e-rdk*xV4 $4 (1 + 46 + (7rf)“‘). (21) 
I k=l 
Finally we put 6 = t ‘I3 in (20) and (21). Hence 
1 
l$l Z,(f) * -!.- = - - 
logt 7r’ (22) 
so that (3) is rcovered. 
EXAMPLE 3. Let L = {(x,y): 1 + 1x1 <ec’lyi, c > 0) or put f(x) = 
c/log(l + x), c > 0 in (18). This is an interesting example since 
lim x-a, f(x) . x” = +co for all p > 0. Since J is not horn-shaped we get 
bounds on K,(x, y; f) as in Example 2. After some analysis we find 
l$ Z,(f) * t * e- cvn=t _ 2c - T, (23) 
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and 
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lim N,(A) . A-1/4 . ,-2C~“‘f~ = cl/z. 
a-00 (24) 
ACKNOWLEDGMENTS 
I would like to thank E. B. Davis for valuable discussions and B. Simon for references to 
the literature. 
REFERENCES 
1. H. WEYL, The asymptotic behaviour of eigenvalues of linear partial differential equations, 
Math. Ann. 71 (1911), 441-469. 
2. F. RELLICH, Das Eigenwert problem von d,? + @ = 0 in HalbrGhren, in “Studies and 
Essays,” pp. 329-344, Interscience, New York, 1948. 
3. V. G. ROZENBLJUM, The eigenvalues of the first boundary value problem in unbounded 
domains, Math. USSR-Sb. 18 (1972), 235-248. 
4. V. G. ROZENBLJUM, The calculation of the spectral asymptotics for the laplace operator 
in domains of infinite measure, in “Problems of Mathematical Analysis 4,” pp. 95-106, 
Izdat. Leningrad, Univ. Leningrad, 1973. 
5. B. SIMON, Some quantum operators with discrete spectrum but with classically continuous 
spectrum, Ann. Physics 146 (1983), 209-220. 
6. B. SIMON, Nonclassical eigenvalue asymptotics. J. Funct. Anal. 53 (1983), 84-98. 
7. M. KAC, Can you hear the shape of a drum, Amer. Math. Monthly 73 (19661, l-23. 
8. M. KAC, On some connections between probability theory and differential and integral 
equations, in “Proceedings of the Second Berkely Symposium,” Univ. of California Press, 
Berkeley, 1951. 
9. B. SIMON, “Functional Integration and Quantum Physics,” Academic Press, New York, 
1979. 
10. M. VAN DEN BERG, Bounds on Green’s functions of second-order differential equations, J. 
Math. Phys. 22 (1981), 2452-2455. 
11. M. VAN DEN BERG, A uniform bound on trace (efA) for convex regions with smooth boun- 
daries, Comm. Math. Phys., in press. 
12. H. TAMURA, The asymptotic distribution of eigenvalues of the Laplace operator in an 
unbounded domain, Nagoya Math. J. 60 (1976), 7-33. 
13. J. FLECKINGER, Asymptotic distribution of eigenvalues of elliptic operators on unbounded 
domains, in “Lecture Notes in Math.“, Vol. 846, pp. 119-128, 1981. 
14. D. ROBERT, Compartement asymptotique des valeurs propres d’operateurs du type 
SchrGdinger a potential d&g&-&t, J. Math. Pure Appl. 61 (1982), 275-300. 
15. E. B. DAVIES, Trace properties of the Dirichlet Laplacian, preprint, 1984. 
16. D. B. RAY, On spectra of second-order differential operators, Trans. Amer. Math. Sot. 77 
(1954), 299-321. 
17. E. B. DAVIES AND P. MUTHURAMALINGAM, Trace properties of some highly anistropic 
operators, preprint, 1984. 
